High-dimensional entangled photons pairs are interesting for quantum information and cryptography: Compared to the well-known 2D polarization case, the stronger non-local quantum correlations could improve noise resistance or security, and the larger amount of information per photon increases the available bandwidth. One implementation is to use entanglement in the spatial degree of freedom of twin photons created by spontaneous parametric down-conversion, which is equivalent to orbital angular momentum entanglement, this has been proven to be an excellent model system. The use of optical fiber technology for distribution of such photons has only very recently been practically demonstrated and is of fundamental and applied interest. It poses a big challenge compared to the established time and frequency domain methods: For spatially entangled photons, fiber transport requires the use of multimode fibers, and mode coupling and intermodal dispersion therein must be minimized not to destroy the spatial quantum correlations. We demonstrate that these shortcomings of conventional multimode fibers can be overcome by using a hollow-core photonic crystal fiber, which follows the paradigm to mimic free-space transport as good as possible, and are able to confirm entanglement of the fiber-transported photons. Fiber transport of spatially entangled photons is largely unexplored yet, therefore we discuss the main complications, the interplay of intermodal dispersion and mode mixing, the influence of external stress and core deformations, and consider the pros and cons of various fiber types.
INTRODUCTION
The non-classical correlations of two entangled photons enable quantum communication and cryptography. Traditionally, photon polarization entanglement is utilized, however, polarization is a two-dimensional degree of freedom of the photon only (qubit). Higher-dimensional entangled systems show great promise, 1, 2 simply because more entangled degrees of freedom per particle imply stronger non-classical correlations. The photon's temporal and spatial degree of freedom give access to such high-dimensional entanglement: Time-frequency entanglement, [3] [4] [5] and spatial entanglement, [6] [7] [8] [9] [10] respectively. Both degrees of freedom are intrinsically continuous; after appropriate discretization, qudits of arbitrary dimension d can be defined. However, for spatially entangled photons a key element, namely fiber-based transport, is a great challenge; since conventional fibers tend to quickly destroy the spatial quantum correlations. Here we show that fiber transport of spatially entangled photons is possible using a hollow-core photonic crystal fiber.
The two most distinguished implementations of spatial photon entanglement are pixel entanglement, 7 and entanglement in the orbital angular momentum (OAM) degree of freedom of the photons. 6, 11 For both, spontaneous parametric downconversion (SPDC) provides an easy source of high-dimensional entangled photons. SPDC is the spontaneous conversion of a pump photon into two lower-energy photons (signal and idler) in a material with second-order nonlinearity. Momentum conservation of the pump, the signal and the idler photon results in correlations of the momenta of two down-converted photons; this wavevector entanglement corresponds to spatial entanglement.
To transport spatially entangled photons through a fiber, this fiber must obviously support multiple transverse modes. The challenge lies in the fact that conventional multimode fibers suffer from strong intermodal Figure 1 . a) Experimental setup. Spatially entangled photons are generated in a 2 mm long periodically-poled KTP crystal (PPKTP) by pumping with a 413.1 nm Kr+ laser beam (beam waist 250 μm). The photon pairs produced by SPDC (type-I, collinear phase matching) are filtered (BPF) spectrally (1 nm bandwidth, centred on 826.1 nm) and then separated probabilistically using a non-polarizing beamsplitter. In the lower path A the photons are transported through the kagomé HC-PCF, mode matching to the fiber is achieved using 10x, 0.25 NA microscope objectives. In each path the photons are analyzed using mode projectors consisting of a phase plate and a single-mode fiber (SMF), which in turn is connected to single-photon counters (SPC). In path A, the phase plate can be rotated by α or translated by ΔPP,A. In path B, we either rotate the phase plate by β or remove the phase plate and translate the single-mode detection fiber (including the collimation lens) by ΔSMF,B. Displacements are relative to the pump-beam axis (dashed line). The signal of both SPCs is analyzed by a coincidence unit (Δt = 2 ns). b) Electron micrograph of the cross-section of the HC-PCF. The core diameter is 25 μm, which results in an half opening angle of the fundamental mode of 0.044 rad. The inset shows a near-field picture (same scale) of the core area, acquired using incoherent (800±10 nm) illumination, this shows effectively circular mode confinement.
coupling which tends to destroy the tenuous quantum correlations carried by the spatially entangled state (as our experiments show, this usually happens within less than one centimeter of propagation). It is thus imperative to choose a type of fiber where these decohering effects are minimized. Fiber-core inhomogeneities or anisotropies, caused by either imperfections during fiber fabrication, or micro and macro bending, are the dominant cause of intermodal coupling. Therefore, the natural choice is to use a hollow-core fiber, where the light is guided almost completely in air (see inset Fig. 1b) . This choice is supported by recent studies of such fibers in a purely classical context. [12] [13] [14] We report in this paper the first demonstration of the transport of spatially entangled photons along a hollow-core fiber.
We use a hollow-core photonic crystal fiber (HC-PCF) 15 with a kagomé-style cladding, 16, 17 see Fig. 1b . The cladding lattice is formed from sub-μm thick fused silica glass membranes, the central hollow core being created by removing one or more unit cells. Our HC-PCF has a core diameter of 25 μm, and does not support bound modes because the cladding does not possess a photonic band gap and the negative index difference between core and cladding rules out the possibility of total internal reflection. Many Mie-like resonances exist in the core, each with a different axial wavevector component. In some respects these modes are similar to the leaky modes of hollow cylindrical capillary waveguides, 18 with an important difference: with appropriate design the fundamental mode can be guided with losses as much as 100 times lower than in a capillary of the same diameter. 17 This mode has a transverse intensity profile that approximately follows a squared J 0 Bessel function, its first zero coinciding with the core boundary. The losses are larger for higher-order modes and this limits effectively the number of propagating modes. In the experiments reported here, three modes are present after propagation along 30 cm of our kagomé HC-PCF. These modes have large overlap with the 3 lowest-order free-space paraxial Gaussian modes (or superpositions thereof). In the Laguerre-Gauss basis LG ,p with azimuthal index and radial index p, these are the LG 0,0 , LG −1,0 , and LG +1,0 modes; or in the Hermite-Gauss basis HG n,m with the polynomial index n and m in x and y; these are the HG 0,0 , HG 1,0 , and HG 0,1 modes.
In our experiments we study the effect of fiber transport on quantum correlations between two entangled qutrits (i.e., d=3 qudits), where spatially entangled photons are produced by SPDC. 6 The setup is sketched in Fig. 1 : The entangled two-photon state is generated in a type-I PPKTP crystal by pumping it with a weakly focused (w 0 = 250 μm) 413 nm Kr+ laser beam. The polarization state of the photons is not relevant here since polarization and spatial degrees of freedom are decoupled (paraxial regime). The two entangled photons are probabilistically separated by a beam splitter and one of them (path A) is transported through the 30 cm long HC-PCF by appropriately mode-matched in-and out-coupling. For our goal it is sufficient that only one photon passes through the HC-PCF fiber. Both photons from a pair are then projected onto separate superpositions. This Both mode analyzers were equipped with a step phase plate, which can be rotated. To obtain a coincidence fringe, plate A is rotated, while plate B is kept fixed. The orientation of plate B was set to 0
• (black squares) and 90
• (red circles) for the two curves. No fringe is detected in the single-detector count rates. The coincidence fringes clearly have sinusoidal shape, which is expected for qubits. The coincidence rate depends on the relative orientation of the phase plates only, which is a clear sign of non-local correlations.
is done by first sending the photons through a spatially non-uniform phase plate, 19 which acts as a mode converter, and subsequent projection onto the fundamental Gaussian mode by coupling into a standard single-mode fiber. This fiber is connected to a single-photon counter and correlated photon pairs are post-selected by coincidence detection (2 ns time-window). The entangled two-photon state as produced by SPDC 6, 19-21 is mode-filtered by the HC-PCF such that we deal effectively with a 3D spatially entangled state formed by the 3 lowest-order Gaussian modes. 22, 23 The single-photon basis states are {|LG 0,0 , |LG −1,0 , |LG +1,0 } in the Laguerre-Gauss basis or {|HG 0,0 , |HG 1,0 , |HG 0,1 } in the Hermite-Gauss basis; both are equivalent. The bipartite entangled state is described by a C 3 ⊗C 3 Hilbert space; we explore this space by demonstrating entanglement in two nonidentical but partly overlapping C 2 ⊗C 2 subspaces. In our experiments we choose as 2D basis (i) the |LG −1,0 and | LG +1,0 (or, equivalently, | HG 1,0 and | HG 0,1 ) states, and (ii) the | HG 0,0 and | HG 1,0 states (or, equivalently, |LG 0,0 and |LG −1,0 + i |LG +1,0 ). In the fiber, these states can be categorized according to their propagation constants: If the fiber structure has no twist and the elastic stress tensor is torsion-free, the |LG −1,0 and |LG +1,0 states are degenerate (i); while the |HG 0,0 and |HG 1,0 states are non-degenerate (ii).
For designing the experiment on degenerate modes we equipped both detectors (see Fig. 1a ) with a step phase plate, centered to the single-mode detection fibers (Δ SMF,B = Δ P P,A = 0, see Fig. 1 ). The step phase plate shifts the optical phase by π in one half of the transverse plane with respect to the other half. In our 2D Hilbert subspace, the detector projects on the superposition state e −iφ |LG −1,0 + e +iφ |LG +1,0 , which depends on the orientation φ of the phase plate (α and β for phase plate A and B, respectively, see Fig. 1a ). This experiment is analogous to the 2D polarization-entanglement case 24 and thus, the resulting coincidence fringe is sinusoidal (Fig. 2) . As expected, the coincidence fringe depends only on the relative angle α − β.
To actually proove that entanglement survived fiber transport, we want to demonstrate violation of the CHSH Bell inequality 25 in this subspace. Due to a small rotation of the fiber-transported modes, we simply search for maximum violation in a set of measurements performed in various bases. Fig. 3 shows the resulting S-parameter, and we find maximum violation for the angles (α 1 , α 2 
• ), where S = 2.17 ± 0.04. The uncertainty (standard deviation) of S is calculated from the uncertainty ΔN in the coincidence counts N using Gaussian propagation of uncertainty. For this 2D subspace we violate the Bell inequality by 4 standard deviations; thus proving that spatial entanglement of the degenerate |LG −1,0 and |LG +1,0 states survives fiber propagation. A spectrally filtered white-light laser beam is prepared in a superposition of modes using a step phase plate and then launched into the fiber (inset (ii)). The local near-field of the fiber end facet is analyzed using a spectrometer (inset (i)). The peak positions are determined and the intermodal dispersion is calculated. We obtain a value of 1.5 ps/m for the 25 μm core-diameter HC-PCF. Figure 5 . Fig. 4 : Free-space transport of non-degenerate spatially entangled photons: Detector A projects onto a coherent superposition of (>80%) |HG0,0 and |HG1,0 , with the coefficients depending on the phase plate offset ΔPP,A. Detector B projects upon a Gaussian state and is scanned (ΔSMF,B) normal to the phase step in detector A. In the measured coincidence rates we clearly observe the dip (arrows) moving proportionally to ΔPP,A. Schematic theoretical curves are shown in the insets. The single-photon count rates of detector B (dashed curves) only reflect the pump beam profile, as expected.
For the experiment on non-degenerate modes it is necessary to study first the intermodal dispersion of the relevant modes in the fiber, i.e. the relative propagation constants of the HG 0,0 and HG 1,0 modes. We measure this by launching a well-known (classical) coherent superposition of these modes into the fiber and observe, as a function of wavelength, the near-field intensity at the fiber exit, see Fig. 3 . From the mode beating we determine the intermodal dispersion 26 to be 1.5 ps/m. This agrees well with the calculated value of 1.6 ps/m obtained by approximating the HC-PCF by a hollow dielectric capillary 18 (with r = 12.5 μm, λ = 826 nm, and n = 1.45). The intermodal dispersion of our kagomé HC-PCF is accordingly significantly lower than that of conventional index-guided multi-mode fibers (around 50 ps/m). Nevertheless, in order to preserve the coherence of the non-degenerate quantum state, we need to limit the bandwidth of the down-converted photons; we use 1-nm bandwidth filters in the experiments with the 30-cm long HC-PCF.
As an intermediate step, we measure the quantum correlations of two non-degenerate qubits in free space (i.e. without employing HC-PCF transport). In the spirit of the experiment of Mair et al. 6 we use analyzer B as a Gaussian probe by removing the phase plate. In analyzer A, we give the phase plate a transverse (i.e. in-plane) offset Δ P P,A with respect to the single-mode fiber (refer to Fig. 1a ). This detector configuration projects the incoming photon onto a superposition state a 0 |HG 0,0 + a 1 |HG 1,0 . The intensity distribution corresponding to this superposition carries a nodal line. For a certain offset Δ P P,A , we scan the fundamental-mode analyzer B (Δ SMF,B ) transversely to the optical axis and normal to the edge of the phase plate of analyzer A. If the photons in path A and B are entangled, the coincidence fringe resembles the coherent superposition onto which photon A is projected. The dip in this fringe should then move proportionally to the phase plate A offset Δ P P,A , our experimental results (Fig. 5) for the case of free-space propagation in path A confirm this.
Redoing now the experiments with the HC-PCF in path A we obtain the results shown in Fig. 6 . In an analogous way as in the free-space case we observe a dip in the coincidence counts which follows the phase step offset Δ P P,A . The presence of the dip and its movement in concordance with Δ P P,A are both indications of entanglement conservation. For comparison, we replaced the 1-nm wide optical filter by a 10 nm filter: In this case the dip in the coincidence fringe vanishes. Comparing the free-space and fiber cases, we see that the dips move in opposite directions. This is explained by an additional relative phase of π (relative between the |HG 0,0 and |HG 1,0 states) caused by intermodal dispersion and fiber length.
In conclusion, we found that the spatial entanglement of photons is compatible with fiber transport. We have investigated two subspaces of our 3D qutrit, a subspace where the modes are degenerate and one with nondegenerate modes. In the case of the subspace with non-degenerate modes, intermodal dispersion is relevant, however, we show that it is manageable. Furthermore, in large-core fibers with quasi-paraxial propagation and negligible spin-orbit coupling, the propagation constants depend only on the order of the modes (2p + | | in the case of OAM modes); 27 in future experiments we will explore this possibility to bypass intermodal dispersion Figure 6 . Fiber transport of non-degenerate, 2D entangled photons. Analyzer A projects on a superposition of |HG0,0 and |HG1,0 , analyzer B scans normal to the phase plate step of analyzer A. The dip in coincidence counts, as indicated by the arrows, is visible at a displacement ΔSMF,B of analyzer B which is proportional to the offset of the phase step in analyzer ΔPP,A. Note the displacement of the dip is in the opposite direction compared to the free-space experiment in Fig. 4 ; this is due to an additional relative phase caused by modal dispersion in the HC-PCF. Insets: schematic theoretical curves.
and thus extend the present results to longer fibers. Although our experiment, using a kagomé-lattice PCF with large hollow core and "airy" structure, paves the way for fiber-based quantum communication based on spatial entanglement, open questions about the essential requirements for achieving high-quality multi-mode entanglement transport through optical fibers remain: Obviously, hollow-core fibers seem to effectively circumvent inevitable material imperfections. Is also the large mode area a key requirement? Or the leaky guidance mechanism in kagomé-lattice PCFs, which is not well understood yet? Would a hollow-core photonic bandgap fiber perform as well? And finally, how far can the dimensionality of the transported quantum state be increased? Answering these intriguing questions requires further experimental and theoretical work.
